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I. INTRODUCTION 
We study the asymptotic behavior of the solution of the equation 
u’(t) = - j-’ u(t - T) U(T) d7, 
0 
U(O)=1 ‘=;;ogt<m), 
( 
(1.1) 
where 
a(t) is completely monotonic on (0, to), 4) G(O, 11, and a(t) + a&J+) 
(14 
In the following, A(s) denotes the Laplace transform of a(t). 
THEOREM 1. If a(t) satisfies condition (1.2), then there exist functions. 
Ul(~), US(~), and us(T) such that the representations 
ti+l&‘)(t) = q /@ eiTtUj(T) dr 
-co 
(j = 0, 1, 2), U-3) 
hold for t > 0. The functions u,(T) are continuous except possibly at 7 = 0, 
and there exists a constant K < CO such that 
1 u,(T)1 < K[l - A’(1 7 I)] A-‘(1 T 1) (j = 0, 132) 
when 1 T I is su@ciently small. Moreover, 
u,(T) E&(- =‘, a) (j = 0, 1,2). 
U-4) 
(1.5) 
* This research was partially supported by the National Science Foundation Grant 
#GP-9658. The author thanks J. J. Levin for comments on this work. 
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From (1.3) (1.Q and the Riemann-Lebesgue Theorem, we may conclude 
that 
.(j)(t) = o(t-j-1) (t-+co;j=0,1,2). (1.6) 
In Section III we use Theorem 1 to draw further conclusions about the asymp- 
totic behavior of u(t) under more specific hypotheses on a(t). 
Consider next the nonlinear equation, 
x’(t) = k(t) - 1; a(t - 7) g@(r)) d7, x(O) = x0 , (1.7) 
where 
g(x) c C’(- 00, a) and g’(0) = 1 W3) 
and 
k(t) E C[O, co). W) 
In Section IV we prove the following corollary. 
COROLLARY 1.1. Assume that conditions (1.2) and (1.8) hold and that 
sz a(t) dt = CCL There exists a positive number 8 such that ;f  k(t) satisjes con- 
dition (1.9), and if 
then the solution x(t) of (1.7) exists for all t > 0, and x(t) --+ 0 us t -+ CO. 
We base our proof of Theorem 1 on an analysis of the Laplace transform 
of u(t) and on an indirect abelian theorem for Laplace transforms (see 
Section II). J. J. Levin and J. A. Nohel [3] used a similar method to study 
(1.1) as it arises in a problem in reactor dynamics. Under hypotheses that 
were natural in the reactor dynamics setting but more restrictive than condi- 
tion (1.2), they proved that t3/2u(t) tends to a finite limit as t -+ CO. 
In [2] we used an indirect abelian method to study (1.1) in the case where 
a(t) is nonnegative, nonincreasing, and convex. In particular, we proved the 
conclusion of Corollary 3.1 under much weaker conditions. Compare Corol- 
lary 3.3 to [8, Theorem C]. 
The method of Section IV is due to R.K. Miller [5]. Corollary 1.1 overlaps 
Theorem 7 of [5]. When a(co) > 0, Corollary 1.1 is a consequence of a much 
more general global asymptotic stability result of Levin and Nohel [4, 
Corollary 21. 
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II. PROOF OF THEOREM 1 
The equation, 
A(s) = 1: e-sta(t) dt, Re s > 0, 
defines the Laplace transform of a(t). 
By Bernstein’s representation theorem [7, p. 1611, there exists a function 
a(x), defined and nondecreasing on 0 < x < 03, such that a(O) = 0 and 
a(t) = 1: eetx da(x), O<t<oo. 
By Theorem 4d, p. 335 of [7], we then have 
A(s) = 1: (x + s)-l da(x), s$(- QOI. (2.1) 
In particular, A(s) is analytic in {Re s > 0, s f O}. We showed in [2, Lemma 
5 and Section 3(i)] that the function Vb(s) = [s + A(s)]-l is analytic in 
(Re s > 0} and continuous in {Re s > O}. 
We shall use the following slightly modified version of Theorem 3, p. 267 
of [l]. 
INDIRECT ABELIAN THEOREM. Suppose the following conditions hold: 
(a) F(t) is continuous and locally integrable on 0 < t < co, and its Laplace 
transform V(s) is convergent in {Re s > b} for some 6 > 0. For a certain number 
u > b, the complex inversion formula, 
e(“+iT)tF(a + iT) dr (t > 01, 
holds. 
(b) V(s), considered as an analytic function, is analytic in {Re s > 0} and 
continuous in {Re s > 01. 
(c) V(u + iT) -+ 0 us / 7 1 -+ 03, uniformly in 0 < (T < 03. 
(d) For 1 < h < n - 1 the derivatiwes V(k)(ir) = (P/W) V(k) are 
COntinUOUS for - co < T < 00. V@'(iT) is continuous except possibly at 7 = 0, 
and vcn)(iT) EL,(- 1, 1). 
(e) v(‘)(iT)+O as j 7 / 4 cc (1 < k < n - 1). Then 
PF(t) = -& /(L, eiTtvtn)(iT) dT (t > 0). 
462 HANNSGEN 
We shall verify conditions (a), (b), (c), (d), and (e) for F(t) = .(j)(t) and 
n = j + 1 (j = 0, 1, 2). In what follows, V,(S) denotes the Laplace transform 
of &J(t), and U.( ) = V!jtl)(z’~). 37 
It is evident from (1.1 )J that u(t) and u’(f) are continuous in 0 < t < co. 
Changing variables and differentiating in (1 .l), we obtain 
u”(t) = - a(t) - jtc+) u’(t - T) dT, (2-2) 
0 
so u”(t) is locally integrable and continuously differentiable in 0 < t < co. 
In [2] we obtained the estimate, 
I u(t)1 + I u’(t)1 < Bebt (t 3 0). 
Substituting this in (l.l), we find a similar estimate for u”(t). These facts 
imply condition (a) for j = 0, 1, 2. 
Taking Laplace transforms in (1.1) and using elementary transform 
properties, we find that the transforms V,(s) of u(j)(t) satisfy 
and 
V,(s) = [s t -qs)l-l, (2.3i) 
Vi(S) = - A(s) V,(s) = - 1 + sVo(s), (2.3ii) 
V*(s) = - d(s) V,(s) = s”V,(s) - s. (2.3iii) 
As mentioned above, (b) forj = 0 was established in 121, so (2.3) yields (b) 
for j = 1,2. By Lemma 3(ii) of [2], A(o + z+) -+ 0 as J Q- ) -+ co, uniformly 
in o. Together with (2.3), this gives (c) for j = 0, 1, 2. 
Setting U,(T) = Vjj+l)(i~) and P(T) = V,(~T), we have the following rela- 
tions (for 7 f 0): 
U,(T) = q>, 
lp(iT) = S(T) + iTP(T), (2.4ii) 
U,(T) = Vf)(iT) = 2ip'(T) + iTP”(T), (2.4iii) 
V;‘(k) = - 2~P(7) - TOP’ - i 
= - iA(i7) P(T) + 7A’(i7) P(T) - Ida’ P’(T), 
(2.4iv) 
V?‘(h) = - UP - 47P'(7) - T”?(T), (2.4~) 
U2(7) = V$)(iT) = - UP' - 6TP"(T) - T”P”‘(T), (2.4vi) 
U,(T) = P’(T) = - i[l + A’(b)] P(T), (2.5i) 
P”(T) = A”(k) P”(T) - 2P3(7) [I + A’(i7-)]2, (2.5ii) 
P"(T) = iA”’ P”(T) - 6iA”(iT) [l + A’(k)] P(T) + 6i[l + A’(i7)]3 P"(T). 
(2.5iii) 
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Here A’, A”, and A”’ denote derivatives with respect to s; thus, 
LEMMA 2.1. There exists a number T,, such that 
I WI 41 7 I) G 4 (- To < T < To , T # 0). (2.6) 
Fwthernwre, 
1 A’(h)] + 1 TA”(iT)j + / T2A”(iT)I < 34 1 A’([ 7 I)1 
and 
/ TA’(T)i ,< A(T) 
(T real, T  f: 0) (2.7) 
(T > 0). P-8) 
Remark. Although the proof of (2.7) is easy, it uses complete mono- 
tonicity; (2.6) can be obtained from Lemma 3(iii) of [2] for a much wider 
class of kernels. 
Proof of Lemma. We have 
A(iT) = j-y $$$ - i /; -$$$$ = g(T) + ih(T). 
But 
Then for sufficiently small I 7 I , 
g(T) b 2 1 T  !  and 16 1 p(~)l-~ 3 8k2(4 + h2(T)] 3 A2(i T 1). 
This proves (2.6). 
Differentiating (2.1), we find that 
Ack’(iT) = (- 1)” k! Jrn (x + iT)-“l da(x). 
0 
Then 
1 Tk-lA(k)(iT)l < k! 2’*+1’/2 
s 1 (x + I T I)-” d4x) 
= k! 2tk+l)j2 1 A’(/ 7 I)] (k= 1,2,3) 
40913 1 lz- 15 
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and (2.7) holds. Finally, 
I T&)1 < ,,” (x + 7)” dcY(x) = A(7). 
This proves Lemma 2.1. 
By Theorem 3c, p. 331 of [7], 
A(k)(T) = O(F”) (T -+ + 00; k = 0, 1, 2 ,... ). 
Using (2.5) and Lemma 2.1, we conclude that 
P)(T) = O(l 7 I-“-‘) (I 7 1 -+ 03; k = 0, 1, 2, 3). (2.9) 
Because of (2Aii), (2.4iv), and (2.4v), this establishes (e) for j = 1,2. For 
j = 0, (e) holds vacuously. 
Before verifying condition (d), we establish conclusions (1.4) and (1.5). 
Recall that U,(T) = V?‘)(k). Note that 
0 < A(0 +) = Srn u(t) dt < 00. 
0 
From (2.4i, iii, vi), (2.5), and Lemma 2.1, we see that (1.4) holds. Note that 
0 < - A’(p) A-Q) = $ A-l(p) (P > 0). 
Since A-l(0 +) < co, it follows that - A’(p) k2(p) is integrable on (0, 1). 
Thus (1.4) implies that 1 U, 1 + I U, ] + 1 U, I E&( - 1, 1). From (2.4i, 
iii, vi), (2.5), and (2.9), we conclude that (1.5) holds. 
Condition (d) for j = 0 follows from (1.5) and (2.4i). 
By (2.4iii) and (1.5), V:“( i7 is continuous for 7 # 0, and has limits from ) 
both sides at 7 = 0. We claim that these limits are equal. 
If 49 4W, co>, then 41~ I) -+ co as T -+ 0. Then by (2.4ii), (2.5), and 
Lemma 2.1, Vi’)(k) + 0 as T -+ 0, and our claim is established. 
If a(t) ~Li(0, co), A(h) has the real limit A(0) = &’ a(t) dt at T = 0, so 
l.i.i Im A = tz - 7 Srn (x2 + T~)-’ da(x) = 0 (2.10) 
0 
and 
lii P(T) = A-‘(O). (2.11) 
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But 
1 T[A’(iT) + A’(- iT)]] = / 27 jr (x” - T”) (x2 + ?)-2 dcx(x) / 
< 27 I 
; (x2 + .2)-l da(x). 
(2.16) 
Combining this with (2.10), (2.11), and (2Si), we find that 
TP’(T) + TP’(- T) --f 0 as 7 + 0. 
By (2.4ii), this establishes our claim. Since (1.5) holds, we conclude that (d) 
holds for j = 1. 
By (2.4iv), (2.5), and Lemma 2.1, vf)(iT) is continuous in - a3 < 7 < co 
with limit - i at 7 = 0. 
Arguing as for vi’)(iT), we note that when a(t) $L,(O, co), all three terms 
in (2.4~) tend to zero as 7 -+ 0. If a(t) e&(0, co), we see from Lemma 2.1 that 
1 T2{[A’(iT)]” - [A’(- iT)]‘}l < hf 1 A(/ 7 I) 1 7 1 A’(iT) + A’(- iT)l 
for some constant M. Furthermore, 
1 T’[A”(iT) - A”(- iT)]l = 4T2 / j,” (T” - 397) (X2 + T2)-’ h.(X) i 
< 67 
I 
y (ix" + T") &x(x). 
These estimates, together with (2.5ii), (2.10), and (2.12), show that T”P”(T) 
is continuous at T = 0. From (2.4~) and the proof of (d) for j = 1, we see 
that vi2)(iT) is continuous at r = 0. Since (1.5) holds, this establishes (d) for 
j = 2. 
We have verified (1.4), (1.5), an d conditions (a)-(e) of the Indirect Abelian 
Theorem for j = 0, 1,2. Therefore (1.3) holds, and the proof is complete. 
III. ASYMPTOTIC BEHAVIOR OF u(t) 
COROLLARY 3.1. I f  a(t) satisfies condition (1.2), then 
Proof. We known from Section II that 
hr& V&) = A-l(O) = (jr u(t) q, 
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where V,,(s) is the Laplace transform of u(t). By (1.6), u(t) = o(t-l) (t + co). 
Our result now follows from an elementary Tauberian theorem for Laplace 
transforms [7, p. 186, Theorem 3a]. 
In the next three corollaries we sketch some consequences of more specific 
hypotheses than (1.2). Note that in each case we have u(t) E&(O, 00); we do 
not know whether this is true in general. 
COROLLARY 3.2. i--a(t) t sji sa i es condition (1.2) and Pa(t) + 1 us t -+ co 
(0 > y 3 - $), then 
s 
m tl+* 1 u(t)1 at < co (8 < Y)- (3.1) 
0 
Proof, Using (1.4) and elementary abelian theorems for Laplace trans- 
forms [7, p. 1821, one easily verifies that U,(T) = O(] T IV) (T -+ 0). Since Uo(7) 
is continuous for 7 # 0, and since (1.5) holds, it follows that 
Uo(r) EL,(- 00, co), where p is chosen so that 1 6 1-l < p < 1 y 1-l < 2. 
From (1.3) and a well-known property of Fourier transforms [6, p. 961, we 
see that tu(t) EL&O, co), where 4 =p(p - 1)-l, and (3.1) follows. 
COROLLARY 3.3. If 
c 
a(t) = qy + 1) ty + b(t), 
whe~eC>Oundb(t)=o(t~)(t~~;O>y>S>-l),undif(1.2)hoZds 
with u(t) replaced by b(t), then 
provided 
u(t) = cr(‘-2yp y) + WY (t -+ a), 
Proof. Let B(s) be the Laplace transform of b(t). Then Lemma 2.1 applies 
to B(s). 
Define v(t) = u(t) - [~~-y/Cr(- y - 1)j. Theorem 1 and some compu- 
tation yield 
tv(t) = & Ill, eiTtU(T) dT, 
where 
1 d 
u(T) = u,(T) - c ;z; (iT)‘+’ 
(3.2) 
zzz - $ g{(h)“’ x(T) [l $ x(T)]-‘} 
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and 
X(7-) = C-l(i7)lfY [i7 + B(G)]. (3.3) 
Now set p)(7) = T”U(,) with 
r)=c+2 and -2---+(s--)<E<-2---. 
According to an abelian theorem of Titchmarsh for Fourier integrals [6, 
Theorem 126, p. 1721, we need only verify that 
l$l q(7) = 0 (3.4) 
and 
Carrying out the differentiation in (3.2), we find that 
- C,(T) = iy+%y+~{Tx’(7) [I + X(7)1-2 + (y + 1) X(T) [I + X(7)]-‘}. 
(3.6) 
Using a Stieltjes transform estimate as in the proof of Lemma 2.1, one derives 
the estimate 1 B(k)/ < 2B(I 7 I) (T real, 7 # 0). But from Corollary la, 
p. 182 of [7], we see that B(T) = o(~-r-~) (T-O +), so (3.3) implies that 
X(7) = o(I 7 [v-s) (T -j 0). Similarly, X3(,) = o(] 7 IV-&-j) (T --f 0;j = 1,2). 
These estimates, together with (3.6), show that v,(T) = o(/ 7 ]r+2+2”--6) (7 -+ 0), 
and (3.4) follows. Similarly, the estimates found above imply that 
v’(d = 4 7 I E+1+2V-6) (T -+ 0). On the other hand (2.5i) and (2.5ii), together 
with (2.9), (3.2), and Lemma 2.1, show that V’(T) = O([T (E+v+l) (I 7 ) -+ co). 
Since P’(T) is continuous for T # 0, (3.5) holds, and Corollary 3.3 is proved. 
COROLLARY 3.4. Ifa = (1 + t)-1 and 0 < E < 1, then there is a positive 
number d such that 
u(t) = [t log2 (+)1-l + 0 It-1 [log ($)]-“+‘1 (t-+ co). 
Proof. Direct computation shows that the Laplace transform V,,(s) of u(t) 
satisfies the relation, 
V,(s) = [s + E(s) - es log 51-1, 
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where E(s) is entire and E(0) is real. Let d = exp[- E(O)]. Then 
V,(s) = - (log ds)-l [ 1 - “‘;b”;l;; ’ + $$]-I, 
where p)(s) and 4(s) are analytic at s = 0. 
Let 
f(t)= /;GdT, t 20. (3.6) 
It is easy to verify that the Laplace transform of u(t) + [f(t/d) - etld]/d is 
Vo(s) + (log ds)-l - (ds - 1)-r. 0 ne can easily check that conditions (a)-(e) 
of the Indirect Abelian Theorem of Section II hold with 
F(t) = u(t) +f(t@)y et’d 
and n = 2. Since 
@)(iT) = Uo’(T) = P”(T) = O(l 7 1-y (I 7 1 + co), 
the Riemann-Lebesgue Theorem implies that F(t) = ~(t-~) (t -+ co). Our 
corollary is thus a consequence of the following lemma. 
LEMMA 3.1. Define f(t) by equation (3.6) and let E > 0. Then 
f(t) - et = - (t log2 t)-l + O(t-l iog-3+E t) 
Proof of Lemma. Define h(t) by the relation, 
(t 3 co). 
h(t) = j,” G dr, t 20. 
Then h(t) satisfies the ordinary differential equation, 
h’ - h = g(t) = 1; $$ dT, 
with h(0) = 0. We conclude that 
But 
h(t) = 1: et-‘g(T) dT. 
lrn e-‘g(T) dT = Jl& 1,” tT-levt dt dT = 1, 
0 
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so 
f(t) - et = g(t) + 4) - et = g(t) - Sr et-‘g(T) d7. 
Integration by parts yields the identity, 
After a second integration by parts we find that 
Evidently the second term on the right is O(t-2) (t 3 00). Now let 
p(t) = (log t)+-1. 
Then for large t, 0 <p(t) < 1 and 
f(t) - et =.A(4 +f2(4 +f,W + W) 
fl(t) = ,I (x - 1) P--~ dx, 
fit4 = j-r(t) [& - l] (x - 1) t*-2 dx, 
and 
f&l = f:-,,, [$-q - 11 (x - 1) t”-2 & 
Then 
f1(t) = - (t log2 q-1 + (t2 log2 q-1 + (t2 log q-1, 
while for large t there is a constant M such that 
1 f2(t)l < &n-l-e(t) 
< ~~-1e-210glOgt 
< Af(t log9 q-1. 
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Finally, using the mean value theorem, we find the estimate 
I f&)1 < Awp3(t) < Nt-i(log t)-s+E 
for some constant N. This proves Lemma 3.1 and Corollary 3.4. 
IV. PROOF OF COROLLARY 1.1 
We introduce the linearized equation, 
y’(t) = k(t) - /I a(t - T)Y(T) dT, 
and the resolvent equation, 
Y(O) = x0 8 (4-I) 
b’(t) = - a(t) - 1; a(t - T) b(T) dT, b(0) = 0. (4.2) 
Referring to the proof of Theorem 7 of [5], we note that it is sufficient to 
show that (i) the solution b(t) of (4.2) is inL,(O, co), (ii) there is a constant K1 
such that the solution y(t) of (4.1) satisfies the inequality, 
IYWI G Kl (I x0 I + I W)l + ,: I qt)l dt) (0 < t < a), 
and (iii) y(t) ---f 0 as t -+ co. 
But (2.2) shows that b(t) = u’(t) is the solution of (4.2), so (i) is a conse- 
quence of (1.6). Th e solution of (4.1) is given by the formula, 
y(t) = x,,u(t) + ,: u(t - T) A(T) dr 
= X,&t) + k(o) W(t) + 1; ZLJ(t - T) k’(T) dr, 
where w(t) = $, u(T) dT. C on r ions (ii) and (iii) follow from (1.6) and Corol- d’t’ 
lary 3.1, and our corollary is proved. 
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